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Outline

 Boundary states in Conformal Field Theory (CFT):
Cardy’s construction (illustrated with a spin-1/2 chain
example)

 Beyond Cardy: new boundary state in a spin-1 chain
(and its generalizations)

e Summary & outlook



Boundary CFT in a nutshell: spin-1/2 chain example

* Spin-1/2 Heisenberg chain:
L D
H :]Z§i Sie1

» Gapless, elementary excitations carry spin-1/2 (“spinons”)

» Field theory: SU(2), Wess-Zumino-Witten (WZW) model

Tomonaga-Luttinger liquid (with K = 1/2)

Central charge:c =1 Primary fields: I & s
spin-0 spin-1/2

Bethe, Z. Phys. (1931); Faddeev & Takhtajan, Phys. Lett. A (1981);
Luther & Peschel, PRB (1975); Affleck & Haldane, PRB (1987); ...



Boundary CFT in a nutshell: spin-1/2 chain example

* Kondo problem in an open spin-1/2 chain:

]imp
H = JimpSo-S1+1 Y 5+ Sivn e

» Jimp = 0:impurity is free (“free” boundary condition)



Boundary CFT in a nutshell: spin-1/2 chain example

* Kondo problem in an open spin-1/2 chain:

» Jimp — ©0: impurity is (“screened spin” boundary condition”)



Boundary CFT in a nutshell: spin-1/2 chain example

* Kondo problem in an open spin-1/2 chain:

L-1
H = JimpSo - 51 +J i " O+ *’_‘i’_‘_" *—o—o
i=1
|‘— $K —’|
» Jimp — ©0: impurity is (“screened spin” boundary condition”)

Jimp > 0: screening cloud size &g ~ e///imp (we consider L > &)



Boundary CFT in a nutshell: spin-1/2 chain example

Boundary CFT formulation (“loop-tree correspondence”):

/ = tr(e_ﬁHopen)
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Boundary CFT in a nutshell: spin-1/2 chain example

* Boundary CFT formulation (“loop-tree correspondence”):

7 = tr(e_ﬁHopen) - (Ble_LHclosedlB’>

Hclosed

(B] |B')

N—
T

]

o

@

=}
,f——-_---~N\‘
~—1

~———

o8]

|l
,’—‘——-_---\
,f———--_--\

\ 4

|B) & |B’): boundary states



Boundary CFT in a nutshell: spin-1/2 chain example

* Boundary CFT formulation (“loop-tree correspondence”):

7 = tr(e_ﬁHopen) = (Ble_LHclosedlB’>
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Cardy’s solution:  |B,) = Z Sab |b))
\ b SOb

Each primary field has a corresponding boundary state.

Cardy, NPB (1989).



Boundary CFT in a nutshell: spin-1/2 chain example

Boundary CFT formulation (“loop-tree correspondence”):

7 = tr(e_ﬁHopen) = (Ble_LHclosedlB’>
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Cardy’s solution:  |B,) = Z
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Caution: this does not provide a complete solution!
Non-Cardy example: “new” boundary state in three-state Potts model

Affleck, Oshikawa & Saleur, JPA (1998).



Boundary CFT in a nutshell: spin-1/2 chain example

* Boundary CFT formulation (“loop-tree correspondence”):

7 = tr(e_ﬁHopen) - (Ble_LHclosedlB’>

’ ’

,'Il ﬁ "l "l
Hopen i' ) — (Bl i' Hclosed E' |Bl>
p >
L — oo: 7 = (BlO)(O|B’)e‘L€0(3)
g/ \, Affleck-Ludwig g-factor: universal quantity
Y characterizing the boundary state

Affleck & Ludwig, PRL (1991).



Boundary CFT in a nutshell: spin-1/2 chain example

* Kondo problem in an open spin-1/2 chain:

]imp
H = JimpSo-S1+1 Y 5+ Sivn e

» Jimp = 0:impurity is free (“free” boundary condition)

Bo) = 271/*(10)) +11/2)))

» Jimp — ©0:impurity is (“Kondo” boundary condition”)

|B1/2) = 27%(10)) — [1/2)))



Boundary CFT in a nutshell: spin-1/2 chain example

* Kondo problem in an open spin-1/2 chain:

* Prediction of low-energy spectrum (]imp > 0):

Zl/Z,O - (Bl/zle_LHClosedlB()) RUTTITITTTTITITIN :

— Xl/Z(CI)
=q/2(2 +2q + 6q% + )



Outline

 Beyond Cardy: new boundary state in a spin-1 chain
(and its generalizations)



Impurity screening in a spin-1 chain

e Spin-1/2 impurity coupled to an open

H = ]impSO ' fl + Hpatn

L-1

— — . — — 2
Hoatn = ) €050 (Ty - Tyy) +5in 6 (Ty - Ty

=1

Uimin-Lai-Sutherland (ULS) point: 6 = /4

» Gapless, elementary excitations carry spin-1

» Field theory: SU(3); WZW

chain:

0=r/2

Ferromagnetic

Dimerized

O=—rx/2



Impurity screening in a spin-1 chain

e Spin-1/2 impurity coupled to an open chain:

H = ]impSO ) fl + Hpatn * T i

L-1 9=7z/2
Hy i = Z cos 6 (ﬁ- : ﬁ-ﬂ) + sin @ (i - ﬁ-ﬂ)z A
i=1 Critical (®) "
Ferromagnetic Q Ousar
Uimin-Lai-Sutherland (ULS) point: 6 = /4 o= 0=0

» Gapless, elementary excitations carry spin-1 Dimerized

O=—rx/2

» Field theory: SU(3); WZW \

Spin-1/2 impurity cannot be screened ?



Topological defect line in SU(3); CFT

* Conformal embedding: SU(2), c SU(3),

Primary fields: 0 0 Same central charge: ¢ = 2

1/2

3/2



Topological defect line in SU(3); CFT

* Conformal embedding: SU(2), c SU(3),

Primary fields: 0 0 Same central charge: ¢ = 2

1/2

3/2

* 1/2 and 3/2 do not show up in the operator content of SU(3),, but they can
be used to construct a (non-Verlinde) “topological defect line” for SU(3):

c=1/2® 3/2



Topological defect line in SU(3); CFT

e Conformal embedding: SU(2), c SU(3),

Primary fields: 0 0 Same central charge: ¢ = 2

1/2

3/2

* 1/2 and 3/2 do not show up in the operator content of SU(3), but they can
be used to construct a (non-Verlinde) “topological defect line” for SU(3):

c=1/2@3/2 EE) |B,)=o0|B)

Non-Cardy boundary state!



Two impurities:

o0 —0r—0—0—0—0—0—0---90

Zs,s = (Bs|e~Hiclosed|B)

=q 21 +6q3+8q+-)

One impurity:

Zsp = (By|e™HHiclosed | By)

= q'/?*(2 + 4qY? + 6q + )
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Low-energy spectrum: field theory vs. numerics
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Low-energy spectrum: field theory vs. numerics

Two impurities:

[ . wen i

Zs,s = (Bs|e~Hiclosed|B)

R — AZ/Al
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Lattice realization of boundary states

e Cardy’s insight: gapped ground states in the vicinity of a critical
point can be naturally identified with conformal boundary states.

Lap = (Bale_'gHCFTle) (Bg|

S
~ -
__________

g
~ -7
———————————

|Bp)

Cardy, SciPost (2017).



Lattice realization of boundary states

e Cardy’s insight: gapped ground states in the vicinity of a critical
point can be naturally identified with conformal boundary states.

Lap = (Bale_ﬁHCFT |Bb)

Example: transverse-field Ising chain

L L
z 2z |B;) = | T1T -1
H=—ZO',: O'i_l_l—hza-ix ! | ) h=0

= = Be) = [ L4 - 1)
— Yl | B, > | ++ +4+) h—

h = 1 (Ising CFT)



Lattice realization of boundary states

e Spin-1 ULS chain realizing SU(3), CFT: 0=x12

Ferromagnetic

L
— — — — 2
H = zcosﬁ (T; - Tjyq) +sinf (Tl- : Ti+1)
i=1 O=rn

Dimerized
O =—1 /14

O=—1/2



Lattice realization of boundary states

e Spin-1 ULS chain realizing SU(3), CFT: 0=x12

Ferromagnetic

L
— — — — 2
H = zcosﬁ (T; - Tjyq) +sinf (Tl- : Ti+1)
i=1 O=rn

Dimerized

Lattice realization of boundary state |B,;): AKLT state 3 i

verified by (AKLT|ULS) = g,e ™% with g, = V3 0=-12



Lattice realization of boundary states

e Spin-1 ULS chain realizing SU(3), CFT: 6=x/2

s 6..=7x/l4
Critical ’ us =%

L
— — . — — 2
H = cos 6 (Tl . Ti+1) + sin 6 (Tl . Ti+1) Ferromagnetic
i=1 O=rx Haldane

Dimerized

Lattice realization of boundary state |B,;): AKLT state 3 i

verified by (AKLT|ULS) = g,e ™% with g, = V3 0=-12

\

Determinant formula exists (recent progress in integrability techniques)

Pozsgay, Piroli & Vernier, SciPost (2019);
Gombor, PRL (2025); ...



Lattice realization of boundary states

e Spin-1 ULS chain realizing SU(3), CFT:

Ferromagnetic

L
— — — — 2
H = Z cos@O (T; - Tj; 1) + sin0 (Tl- - Ti+1)
i=1

Dimerized

Lattice realization of boundary state |B,;): AKLT state 3 i

verified by (AKLT|ULS) = g,e ™% with g, = V3 0=-12

Further examples: SO(n), € SU(n),

SO(n) AKLT state is a non-Cardy boundary state of the SU(n) ULS chain!
HHT, G.-M. Zhang & T. Xiang, PRB (2008)



Summary & outlook

 We have demonstrated that conformal embedding provides a new

mechanism for constructing a family of conformal boundary states
beyond Cardy’s.

e Cardy’s insight hints at a deep connection between conformal

boundary states and 1D symmetry-protected topological (SPT) states.
— What is the precise relation?



Summary & outlook

We have demonstrated that conformal embedding provides a new

mechanism for constructing a family of conformal boundary states
beyond Cardy’s.

Cardy’s insight hints at a deep connection between conformal

boundary states and 1D symmetry-protected topological (SPT) states.
— What is the precise relation?

Thank you for your attention!



